In a previous paper 1 > the concept of irreversible circulation of fluctuation was proposed for the description of the state of. a system of thermodynamical ly coupled degrees of freedom in a far from equilibrium situation. It was emphasized then that this co~cept is actually needed when there appears an instability through this circulation, in the sense that the resulting ordered·. state is· just a macroscopic ' manifestation of this circulation, i.e. a limit cycle. To elucidate the content of this proposal, a simplest significant example is treated in th~s paper.
Although there may be any number ·of degrees of freedom according to tl1e · nature of the .problem, the essential feature of physics involved may be seen by a two-dimensional example, in so far as .. one is interested in the instabilities, i .. e. the behaviour of the system in the neighbourhood of the transition. When a tion. Accordingly a .hard mode· instability is characterized essentially by two degrees of freedom, between which things are to librate. In this sense a twodimensional example is just enough to look into the marginal situation.
Introducing a concept of irreversible circulation a, a general treatment is, given in § 2 of a system with two thermodynamically coupled degrees of freedom.
It is then shown that the existence of autocatalysis, i.e. nonlinearity, plays a positive role in giving rise to a hard mode instability .. The state beyond the threshold, i.e., the beha,;.ioui of ferro-cyclic phase is discussed in § 3, 'in which ah order parameter is introduced, indicating the angular momentum of the orbital revolution.
As a concrete example which is p.ot trivial, a chemical reaction network with two independent reference reactants, i.e. X and Y, is taken up, which is illustrated in Fig. 1 . .Here a dot i stands for a channel i with a forward rate codE.cient k,, and the encircled letters staiJ.d for the concentration of respective reactants. The backward reaction in -each channel is neglected. This scheme includes Prigogine-Lefever-Nicolis model 8 l (parall!'ll type), simplified HigginsSel'kov 1llodel'> (series type) ,and Lotka-Volterra model 5 l as its special cases.
Explicit solutions of the nonlinear differential equations are obtained in § 4 specializing to the. case of Prigogine-Lefever-Nicolis model. Discussion is given in § 5, including that on the applicability of a uniform stocha,stic model adopted in this paper. § 2. General properties of a system with two degrees .of freedom
--Hard versus soft mode instability--
Before going into a concrete example let us recapitulate the general theory and discuss the general properties of drift an.d variance expected in a system with two degrees of freedom.
As a method to treat these reactions a stochastic approach is adopted/> because one is interested in the nature· of fluctuation as well as secular motion.
On the Markoffi.an assumption this reaction network is. governed by a master equation
.E_P(X, t) = s{W(X-AX, AX)P(X-AX, t)-W{X, AX)P(X,t)}d AX.
at The Kramers-Moya l expansion of this master equation acquires a realistic meaning, if one recognizes the local nature of transition, and introduces a scaling in terms of the system size parameter !J. Namely by using
the Kramers-Moya l expansion of the above equation looks
(3} Van Kampen 6 > pointed out that the termination of (2) according to the.apparent power of e as it stands is not really consistent when the deviation from the most probable value stays microscopic. Introducing this idea by the transformation x= y(t) + e 1 f2E and P(E, t) =fJ1f2cp(y(t) + e 111 E, t), the final expansion according to the system size looks
One may choose the hitherto undetermined function y(t) in such a way that the lowest order term is cancelled, which leads to the equation
Retaining, then, the lowest order term in the remainder, one is left with a linear Fokker-Planck equation, i.e. 
is the probability flux, and
stand for the drift regression and diffusion in the probability distribution, respectively, and may depend on time through y(t), which satisfies the kinetic equation (6) . From this master equation one may derive the evolution equations for a small deviation (Jy and the first and second moments, namely, and
where tilde "" denotes the transposed matrix. Here (9) for (Jy describes the time course of small non-stationary deviation. One may argue that (lOa) is redundant, because p=(E)=O in our approximation. Suppose, however, one observes a sample process of a spontaneous fluctuation from the most probable path y (t) . Then the time course of the average deviation (E)c obeys (lOa) with the use of a conditional probability distribution as p (E, t).
In a stationary situation the fact that Eq. (9) coincides with Eq. (lOa) provides a proof of the assumption made by Onsager. 7 > The coincidence is by no means universal, and here it is the result of th~ system size expansion which assures the normal behaviour of the distribution function.
By the use of the shift p and variance u, the solution of the original FokkerPlanck equation may be written as (11) and g(t)u(t) =1.
In the present approximation one is to set p = 0 hereafter.
Drift evolution
The secular drift y (t) obeys Eq. (6) and the steady state satisfies the condition c1 (y,) = 0. . The stability of the steady state may be discussed by looking at a small deviation (Jy from the steady State which obeys In this case A has no imaginary part when J becomes vanishing. This means that a single mode corresponding . . to L becomes unstable, and this one mode c).ominates the behaviour of the whole system at marginal situation. This is the case of soft mode instability, which is pbpular in the analysis of phase transition in thermodynamic equilibrium. In fact this is the only type of instability which can be met in thermodynamic equilibrium, because the principle of microscopic reversibility applies to this case only.
In a far from equilibrium situation, howeve~, a second type of instability may appear. -ii) r ~o CJ>O)
In this case a couple of modes~ i.e. A+ and L, become unstable at the same :time and the two eigenvalues become purely imaginary and conjugate to each other. In other words the transition has essentially a, twocdimensional character at the marginal situation. This new species may-be called a "hard mode instability"/> which is characteristic only to far from equilibrium situation. Appearance of this new type instability implies that the detailed balance does not hold in this case, and the overall balance should be called a cyclic balance instead. The eigenvalues A±~ ± i JA stand for tlie frequency of an undamped drift rotation, of which. the sense is determined by the sign of p= (rot tJjr).=K21-Kl2.
(17)
Evolution of variance.
The variance u (t) around the secular drift is governed by (lOb), and the steady state solution is. given by-
stands for the . angular momentum
or the areal velocity of the irreversible circulation of fluctuation. In fact it can be shown that the angular momentum is conserved not only for the average over distribution-but also along each stream line of the probability current. By requnmg that u is symmetric in (18), one may explicitly obtain a. In our particular case of two-dimensi on a looks a= { (Ku-Kaa) D12 + K12Daa-KalDu} /2T, and in terms of a the variance (JiJ is expressed as
Let us now focus our attention ~m the possible singularities appearing in the variance u. First of all every component of the variance involves the determinant J=K 11Kaa-K1 $a1 in the denominator . This means that J~O corresponds to a diverging variance, ~hich is an indication of instability. Clearly this corresponds to the soft mode instability as was defined in the previous section by drift evolution. In this case the time correlation function of the fluctuation is dominated by a single mode with purely real eigenvalue A.r~O, but the circulation a, although . ~ it is not vanishing by itself, is relatively unimportant , because of the essentially one-dimensi onal character of the system at marginal situation.
A second feature common to the components of variance is that they involve the irreversible circulation a. As is clear from the expression (21) for· a; a will be divergent when T=Tr 1<~0, which leads to a second instability of vanance u. This corresponds clearly to the case of hard i:node instability as defined in the previous section. From the point of view of the fluctuation this particular kind of instability is incurred through the pathological increase in the irreversible circulation, and a macroscopic circulation is expected to appear beyond the threshold. In this sense a may in no way be neglected in the ma,rginal situation, and the components of the variance are simply proportiona l to a in the marginal range of parameters, i.e. 
. States beyond the instability
In this section a qualitative discussion is given of the states beyond the instabilities, which were approached from the side of stable steady states in the previous section.
3.L States beyond the soft mode instability
As only one degree of freedom dominates the behaviour of the system at marginal situation, the newly emerging state is expected to be a node which is asymptotically stable. The transition, therefore, corresponds to an exchange of stability 8 > between :the old and the new steady states, of which the latter is expected to be a static spatial pattern in wider sense. It will correspond to the eigenfunction belonging to the. particular eigenvalue which characterizes the dominant asymptotic state. The new states may correspond either to a combination of species, 'or a spatially non-uniform pattern of concentration when the effect of spatial diffusion is included.
The discussion of stability of the n~w phase beyond the threshold from the point of view· of the fluctuation is quite parallel to that of the phase below the threshold, and it is expected that the regression matrix to the spatial pattern will have a vanishing determinant as one approaches the transition from above.
States beyond the hard mode instability
This is essentially the case of two degrees of freedom at the marginal situation, which are characterized by a pair of conjugate eigenvalues of the regression matrix K. The state beyond the instability tends in most casts to a limit cycle y(t) which obeys the equation
:ty(t)=cl(y(t)) and y(t+T) =y(t).
(25)
As the right~hand side is generally non-linear iny(t), the orbital revolution may be found only through numerical procedure.
Corresponding to the small scale circulation a of the distribution below the threshold, one may now introduce a measure for the macroscopic orbital revolution by
A=l_ [y(t), y(t)] =l_ y(t) xy(t),
where
stands for the average. over. one cycle of revolution. The quantity A is the average angular momentum, or areal velocity of the orbital revolution.
As the instability is incurred through the probability circulation a, which becomes· increasingly large when the transition is approached from below the threshold, the orbital revolution is naturally interpreted as a macroscopic manifestation of cyclic balance in the underlying mechanism, and as characteristic to far from equilibrium situation. In this sense the new phase may be called "ferrocyclic" phase, which is characterized by ari order parameter A, i.e. its angular momentum. The situation below threshold corresponds, then, to the·" par.accyclic" phase, where the cyclic balance is latent. One may still discuss the stability of the orbital motion by using the equation governing the small deviation, i.e.
(d/dt)iJy=K(y(t)) ·iJy,
. where y(t) is the solution of (25) which is periodic in time. In this case the overall stability is assured when -Re). (i) = Tr K (y(t)) =Ku + K22 <o, (29) which is a condition due to Poincare. The stability criterion for the steady state in the "para-cyclic" phase is a special case of this formula. Although -Re X(y,) =Tr K (y,) >O in the ordered phase, it is expected that the above condition for the time averaged quantity is satisfied if the new phase is stable in wider sense.
The extension of the stochastic description to the case in which the coefficients in the linearized Fokker-Planck _equation are time-dependent is just enough to discuss the situation in ferro-cyclic phast:. · In treating the fluctuation under the presence of orbital revolution it is much simpler and more instructive to use a frame of reference which is moving with the c y r orbital revolution itself. A natural choice tion matrix u from x-y frame*> to r-s frame is th~n given by
cos rjJ (t) (30)·.
..
and with this a vector V and a tensor T are transformed into V' and T' accord~ ing to the following formulae, respectively:
where u is the transpose of u.
*> Here (x, y) are used instead of (x,, xs). 
where K 1 and 0 1 are regression and diffusion matrices in the rotating frame, respectiv~ly. 
Based on this relation, the effective regression matrix K 1 + R is now reduced, i.e.
~hich means that the regression in the transverse direction to the orbit is now (39a)
and
It is clear that (J;,. may be treated as one separate dimension, which exhibits a normal behaviour. In other words the negative definite contribution of 2K~;,.
and the positive definite contribution of n;,. find a balance at finite ();,. in an asymptotic state. In fact one. can prove that the periodic nature of K~ and n;,.
assures an asymptotic periodicity of (J;,. in time. Given the solution (J;,., (J:, becomes also finite because the regression coefficient K~+ K:, is negative. If (J;, vanishes asymptotically, the. variance becomes diagonal in the ·present moving frame.
As the circulation a'(t) involves orily (J;,. and (J;,, it is expected that a' (t) tends to a finite value, apart from a pe!iodic time variation ..
The behaviour of (J:, is clearly different. In this case, as K:, is purely periodic, i.e. K:, = 0, there is no negative definite contribution to drJ:,; dt, which means that rJ;, increases, however slowly, because of the effect of D;,. As the rate is very small the periodic temporal variation of y(t) may be observed over quite a number of cycles; however, the distribution is destined to diffuse along· the orbit of limit cycle. Clearly this does not contradict to the stability of the limit cycle. In this sense the limit cycle may be described as quasi-stable, having asymptotic orbital stability and marginal phase instability. This increase of (J;, is essentially proportional to t, and is generally called "phase diffusion". *l When rJ;, becomes macroscopic in size the original expansion (4)"" (7) may no more be used; however, it may be shown that there will be no change of the distribution along the tangential direction in this limit if a new consistent expansion is introduced. (See Appendix) *> In order to avoid confusion with spatial diffusion, we propose a new term "ensemble dephasing" for this phenomenon. (cf. § 5.) § 4 
. A concrete model (Prigogine-Lefever-Ni colis type)
One may start from the reaction network illustrated in Fig. 1 , but discus-.sion and calculations are restricted to the following specialized type: Here m and n are also used as the multiplicities of auto-cata~yses · in reactions m and n, respectively. 
Small deviation from the steady state satisfies the drift evolution equation (9), where regression matrix' is given by K=( (m-1)by,"-1
The stability condition for the steady state (44) now looks (i) J={1-n)a"'>O against the soft mode instability, and
against the hard mo<!_e iil.stahility.
In order to concentrate to the case in_ which there .appears hard mode instability in particular let us set n = 0. In order to fine! a hard _mode .instability it is needed according to (ii) that m>2. Let us speCify m = 2 and look into the concrete model after Prigogine, Lefever and Nicolis. 8 
For b>bc the steady state is unstable against a hard mode instability, i.e .. r>o.
In the para-cyclic phase, the critical 'slowing down of the drift regression is expressed by 
In Fig. 4 the inverses of variance and circulation are plotted as functions of the parameter b in the neighbourhood of transition. It is clear that at the marginal situation the irreversible circulation a is divergent as well as the variance u, and a macroscopic manifestation of this tendency _is expected beyond the threshold~ This behaviour is parallel to that of the paramagnetic susceptibility X as a function of temperature in the neighbourhood of Curit! point, according to the molecular field theory.
The ferro-cyclic phase
The states beyond the threshold, i.e. the ferro-cyclic phase, may generally be accessed by numerical integration of the .non-linear differential equations ( 43) The stability of the orbital revolution has been confirmed -by the 'condition where the regression matrix K (t) is giv,en by
In Fig. 4 the orderparameter A(b) is 'shown as a function of the parameter b>bc. It can be shown that A is proportional to b-be at least in the · ne'ighbourhood of the transition.
,
One now proceeds to the evaluation of fluctuation, which again is a function of time, due to the orbital revolution. The variance u (t) is governed by Eq. (10), where K (t) is given by (51) and. the phase diffusion matrix D (t) is given by . .
( . x(tYy(t) + a+x(t) + bx(t) D(t) = -x(tYy(t) ~bx(t) -x(tYy(t) -bx(t)
).
x (tYy (t) + bx (t)
.After solving the variance u{t) the circulation a(t) is expressed as The results of numerical calculation are giv.en in Fig. 6 . As a result of the orbital revolution all the quantities of fluctuation appearing in Fig. 6 behaves roughly periodic. In closer examination, however, a small secular increase is noted in every element of variance. ancl circulation. This is an indication of ensemble dephasing.
A more sensible frame of reference is the one that is rotating with the orbital revolution, as was describ~d in § 3 and Fig. 3 . The natural direction are then· r and s, which are normal and tangential to the local orbit, respectively. Looked from this moving frame the asymptotic behaviour of the transverse variance ():.,. is strictly periodic in time as shown in Fig. 7 (b) . It should also be noted that ():.,. is positive definite. 'This is a result expected in the previous section. The same. arguments apply to the cross variance ();,=a':., and its asymptotic behaviour is also strictly periodic as shown in Fig. 7 (c) . The only difference is that ();, may have either sign depending on the phase along the o:rbit.
As there exists no negative contribution to the time rate of the longitudinal variance ();,, there results a secular increase in addition to a periodic variation. As was discussed in the previous section it is only for ();, that there remains a secular increase in addition to a periodic variation as shown in Fig. 7 (d) .
It was found by diagonalizing the variance that the secular increase is confined to the greater eigenvalue () M (t), and the smaller eigenvalue () m (t) is practically periodic. It was verified that ():.,.(t) is always very close to ()710 (t) and in fact coincides with it when ();, becomes vanishing. This indicates clearly that the axes of the ellipse of variance are actually rotating, the longer axis trying to keep tangential to the orbit. Thi1,1 is only approximate, however, because ();, exhibits non-zero values, though its time average is fairly small. It is also consonant that O";,(t) is found to be rather close to ()M(t) both in its magnitude and its change in time.
The real merit of the moving frame lies in the fact that it allows a definition of "residual circulation" a' (t), which is free from secular increase, as was discussed in the previous section. Actual results are shown in Fig. 7 (e) .
In .order to discuss the ferro-cyclic phase, it is appropriate to define time averages of relevant quantities over one period of revolution. One may thus define () (J and a' according 'to (27), and investigate their behaviour as functions of the controllable parameter b, as was done in the para-cyclic phase. Although they cannot be expressed 'in simple formulae definite results are obtained, which are shown in Fig. 4 as a ferro-cyclic counterpart of already mentioned para-cyclic quantities. Using a perturbation expansion in terms of (b-be) /b., one finds that in the post-critical neighbourhood of the transition. It is also found that 
This relation is very similar to the relation
which one finds for a ferromagnetic transition in the mean field approximation. The significance of the quantity A (b) as an ord.er parameter for ferro-cyclic phase is quite clear from this parallelism.
.
. § 5. Discussion
. In writing down the transition probability for a concrete model, gas kiq.etic cross section formulae were adopted in § 4. As there have been comments on this procedure in relation to the validity . of local equilibrium, short discussion seems appropriate here. As was discussed by Kuramoto, 9 > the essential point is the scale of measurement under consideration, hence an introduction of spatial inhomogeneity is needed. As will be shown elsewhere in detail the. variance u(q) associated with a wave number q is given by where A.. is the spatial diffusion constant and Yo is the steady state solution, both being diagonal matrices. a(q) is the corresponding irreversible circulation. Suppo-se a measurement with short enou~h wa.ve . . length under a given diffusion A. and a non-singular a (q). Then one may· attain a situation in which the effect of spatial diffusion dominates that of reaction.· In this case one expects that tr (q) ::::::y0, which is the normal Einstein relation assuring the stability -and justifies the local equilibrium picture for short wave measurements: The ·gas kinetic cross section formula is ~nly natural in this case p.rovided the concentration is not too high. Suppose now a measurement with lon_g enough wave length. Then there may be cases in which the contribution of reaction dominates that of diffusion, i.e. which is just the result obtained by neglecting spatial diffusion and has nothing to do with the Einstein relation. It is not surprising, therefore, that .in this particular limit one may find instability, side by side the stability of short wave.
As a result of the above consideration the use of gas kinetic cross ·section combined with a scheme without including· spatial diffusion ~s justified, provided it may be interpreted ilS a long wave limit of a formulation for which the local ·equilibrium is assured, and the result is applied to modes having global scale only.
Irreversible circulation a may not be needed quantitatively when a relation
exists among the components of Onsager coefficient. In the present notation this corresponds to a relation D ~a, which is expected in two typical cases. When the relevant scale q-1 of measurement is small enough D involves a large term _which is proportional to .A.cly0, as was shown earlier, thus dominating a :finite a. It is only for a glo.bal scale measurement, therefore, that one may expect an appreciable contribution of the circulation a. Secondly, irrespective of the scale of measurement, circulation cannot app~ar in one dimension. In the case of soft mode instability essentially a single mode dominates the whole system at the marginal situ~tion, thus the eff~ct of 'the circulation a is expected to be small.
In the ~ase of hard mo<le instability, however, at least two degrees of freedom are degenerate, and the effect of the circulation a d:ominates the entire system at the marginal situation. In this paper stress has been placed on this last case, which does not seem to have been given due attention as it deserves. Temporal oscillations are not rare in purely mechanical systems; however, the irreversible orbital revolution treated in this paper is an. object of different nature. Let us dwell on the difference in what follows.
Technically, temporally periodic v.ariations may be classified into two categories either mathematically or physically. With;. respect to the asymptotic scale ofthe oscillation, e.g., amplit~de, they ~re classified mathematically into two categories, i.e., (A) a parametrized cycle family, or ··(B) a uni.que limit cycle. With respect to the physical origin .or character of oscillation, e.g., frequency, they m~y be classified into two categories, i.e. It is Clear that purely mechanical oscillation belongs to Case I; however, undamped mechanical oscill~tion of a closed system is always an idealiz,ation, and any real oscillating system is· subject to dissipation,' thus the oscillation is damped eventually, unless the system is driven from outside in a periodic way. The asymptotic state is. a thermodynamic equilibrium, in which there remains no *> The "frequency" is determined by conservative origin, but the asymptotic "amplitude" 1s determined by dissipation. temporal change by definition.
The behaviour -of a system having an influx of matter or energy from outside is quite different. The closest state to equilibrium one may find in this case is the steady state; however, it is only in the neighbourho od of equilibrium that this kind of state exhausts the possibility. For there may app.ear a new ordered phase which is associated with undamped temporal oscillation, as has been demonstrated earlier as a hard mode instability. All the remaining cases II, III and IV in the above classificatio n belong to this category, and may be expected only at far from equilibrium situation. They are clearly different from purely mechanical oscillations in that they can only be induced in a dissipative system: Ordinary lasing*> seems to belong to Case II, and also various kinds of driven clocks. The Lotka-Volte rra model 6 l for interacting p~pulations seems to belong to Case ill. The chemical oscillation treated in § 4 belongs to Case IV, and also the undamped spiking 10 >· in laser system.
As was shown in § § 3 and 4, the limit cycle is associated in principle with the ensemble dephasing. However, it should be emphasized that it is experimenta lly possible to observe a macroscoPic sample system which exhibits negligible de-' phasing. In the case of chemical reaction the synphasing agent may be either a natural diffusion against a volume reaction surrounding a local probe like microelectrode, or an artificial stirring of the whole system as is described by Zhabotinskii.11l The spatially uniform oscillation may be detected in and· only in this kind of macroscopic sample observation .
Although the appearance of a new type of order, i.e. limit cycle, was emphasized in this paper, actual situations require spatial.orde r as well as temporal, as is clear from the experiments of Zhabotinski i et al. 11 l Thorough discussion of the variety of induced orders in a non-uniform reacting system will be given in ' a forth-comin g paper. Also a separate paper is in preparation to describe the Belousov-Zh a botinskii reaction.
In the present. case, ·however, fluctuations may be assumed microscopic only along transverse direction r, i.e. r=ro+ e 1 f2p, (Al) in which r 0 can be chosen as .zero to specify the secular orbit. The differentiation is transformed into a _.,. 
